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Carbon nanotubes ͑CNTs͒ are attractive for use in compliant nanomechanical devices due to their strength-strain characteristics.
1,2 These characteristics have been exploited in work on CNT-based memory, 3 flexure bearings, 4 and resonators. 5 Solid mechanics models are often used to model the behavior of these devices or to interpret measured device behaviors. These models require a material-specific metric that links load and deformation via geometry parameters. The elastic tube model, which is commonly applied to CNTs, relies upon a single value of an isotropic elastic modulus E to model axial stretching ͑AS͒ and lateral bending ͑LB͒ deformations. This approach is only accurate if the energy storage mechanisms in both modes are the same; however, there is no physical basis for making this assumption when modeling CNTs. We show that there are differences in the ways that a ͑5,5͒ CNT stores energy in LB and AS. The implications of these findings are that ͑1͒ modulus values determined from experiments/simulations with one mode of deformation ͑e.g., LB͒ should not be used to model or predict the other deformation mode ͑e.g., AS͒ and ͑2͒ CNTs that undergo combined AS and LB loading must be modeled with two moduli. For instance, the CNTs in Fig. 1 experience simultaneous AS and LB. This condition is experienced in CNT-based memory 3 and resonators. 5 The literature shows evidence that that the LB and AS moduli differ. Commonly cited [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] values for single-walled CNTs ͑SWCNTs͒ possess an average difference between moduli of 55%. These values correspond to an assumed tube wall thickness t ͑0.066-0.340 nm͒. As t changes, the modulus predicted by the tube model changes according to the equations that link tube behavior with tube thickness. This effect, known as Yakobson's paradox, compels us to use the membrane stiffness, E · t, 17 in order to mitigate thicknessrelated differences in modulus and to provide a more meaningful comparison between LB and AS moduli. With this metric, the average LB value is 12% larger than its AS counterpart. The average modulus value, and the membrane stiffness values, for LB exceed the AS values and this finding impelled the following work.
We used simulations to ascertain ͑a͒ the reasons why the moduli differ and ͑b͒ understand how the tube thickness affects the difference between the moduli. The latter is similar to Yakobson's paradox, but differs because we are contrasting moduli for different deformation modes.
In this work, tube stiffness values were obtained from a molecular model that consisted of a ͑5,5͒ CNT that contained 640 atoms. The tube's proximal end was grounded. In the AS simulations, the distal end of the tube was loaded with a force that was parallel to the CNT axis. A lateral force was applied to the distal end of the tube during the LB simulations. Atoms within the terminal cross section at the distal end were constrained such that the cross section remained circular. Elastomechanic characteristics were obtained via molecular mechanics simulations using the MM+ force field and a Polak-Ribiere algorithm with a convergence criterion of 1 cal/ mol Å. Van der Waals cutoffs were not used.
The LB stiffness, k bending and AS stiffness, k axial were used to calculate the corresponding membrane stiffness using the elastic tube model 18 as embodied in Eqs. ͑1͒-͑4͒. Here L ͑7.64 nm͒ was the tube length, t ͑0.075 nm͒ 19 was the wall thickness, and D was the tube diameter ͑0.68 nm͒. 
We obtained ͑1͒ an AS stiffness of 67.33 N / m which equates to E · t = 242 N / m, and ͑2͒ a LB stiffness of 0.24 N / m which equates to E · t = 291 N / m. The LB membrane stiffness is 19.3% higher than our AS membrane stiffness. There are two possible reasons for the difference. First the modes of energy storage in AS and LB could be different and this would lead to stiffness values that are not consistent with an assumption of equal moduli. Second, the tube model may not capture the difference between moduli and so this model may not be well suited as a modeling tool. The remainder of this letter examines both possibilities.
We found that the ͑5,5͒ SWCNT stored energy via different mechanisms during AS and LB. Our simulation results were examined to obtain information about the change in the amount of energy, ⌬U, that is stored in the force field components. This data is listed in Table I . Inspection of the percent change columns reveals that the magnitude of the changes associated with each component are different in the AS and LB cases. This shows that energy is stored via different mechanisms in AS and LB, and therefore it is unwise to assume equal moduli for AS and LB.
Understanding the reasons for this behavior requires examination of the strain and geometry changes in the CNT lattice during loading and the corresponding changes in potentials. We will discuss AS and LB separately.
Under AS, van der Waals energy is decreased because the nonbonded atoms in the aromatic ring move further apart and closer to their equilibrium distance. In addition, the distance between the carbon atoms in each unit cell increases, which in turn increases the distance between the p-orbitals that make up the delocalized bonds. This is manifested as a reduction in the stored torsional energy. 20 In order to understand what transpires in the LB case, it is helpful to focus on the aromatic rings that are shown in Fig. 2 , and the data that is presented in Tables II and III.  Table II shows that rings D and E generally experience a decrease in van der Waals potential because they undergo strain that brings the nonbonded atoms closer to their equilibrium distance. Rings B and C primarily experience compressive strain that drives the nonbonded atoms away from their equilibrium position. The asymmetry of the van der Waals potential function about the equilibrium position may be used to show that the van der Waals energy stored via compressive strain ͑rings B and C͒ is larger than the energy released through a tensile strain of equal magnitude ͑rings D and E͒. Ring A is located near the neutral axis of the tube and experiences little axial strain. Therefore, ring A does not contribute a significant amount to the van der Waals potential. Given the preceding, one would expect the van der Waals potential to increase and this is consistent with the data presented in Tables I and II. We now discuss the torsion potential in the LB case. Changes in this potential are linked to changes in the p-oribital spacing. The change in spacing may be caused by ͑a͒ axial strain that would change the spacing of the p-orbitals in directions that are parallel to the axis of the tube or ͑b͒ a change in the local radius of curvature within the cross section of the tube. With respect to the former, rings D and E experience tensile strain ͑a decrease in potential͒ and rings B and C experience compressive strain ͑an increase in potential͒. With respect to the latter, at the sides of the tube ͑rings A, C, and D in Fig. 2͒ the radius of curvature decreases and causes the torsional energy to increase. This is due to the interaction between delocalized bonds that resists the bending of the aromatic ring in out-of-plane directions.
These changes in potential are quantified in Table III . The table shows the change in torsional energy for aromatic rings within three unit cells. The cells are located at the proximal, middle, and distal portions of the tube. For each unit cell, the increase in torsional energy in rings A, B, and C are essentially offset by the decrease in torsional energy in rings D and E. As such, one would expect little change in the torsional energy and this is reflected in Table I as the torsional energy increase is 4.7% of the total increase in stored energy during LB. The small increase in the torsional and van der Waals potentials during LB contrasts with the large decrease in torsion and van der Walls potentials during AS. As such, energy is stored via different mechanisms in AS and LB. The force field components associated with the different mechanisms have different fundamental relationships between strain and energy storage. The elastic modulus may be used to link energy to the deformation of a part via geometric parameters of the deformed part. It therefore follows that different energy storage mechanisms mean that there must be different modulus values.
The preceding provides a basis for a difference to exist between the moduli. It is also important to understand the inherent limitations of the tube model, e.g., Eqs. ͑1͒-͑4͒, in relating the moduli during AS and LB. The difference in modulus values ͑1͒ is subject to the use of a consistent thickness when modeling AS and LB and ͑2͒ is a function of the assumed thickness. We calculated the ratio of LB to AS moduli using ͑a͒ the tube model described by Eqs. ͑1͒-͑4͒ and ͑b͒ the simulated stiffness values from our molecular models. The ratio-thickness relationship is plotted in Fig. 3 .
It might be tempting to select a thickness that is large enough to make the tube model predict that the two moduli are equal, but this is problematic. In the ͑5,5͒ tube the thickness would exceed 90% of the radius and this would not be a faithful representation of the CNT's structure.
In this letter, we show that it is not generally appropriate to use a single value of modulus when an elastic tube model is used to predict the AS and LB of a ͑5,5͒ CNT. We have shown that the difference in moduli is due to ͑1͒ differences in energy storage mechanisms and ͑2͒ inconsistencies caused by the use of the elastic tube model. Current efforts are focused on using these results to design CNT-based nanomechanical devices that rely on combined loading.
